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ABSTRACT
In this tutorial we summarize the physics and mathematics behind refractive electromagnetic wave
bending and delay. Refractive bending and delay through the Earth’s atmosphere at both ra-
dio/millimetric and optical/IR wavelengths are discussed, but with most emphasis on the former,
and with Atacama Large Millimeter Array (ALMA) applications in mind. As modern astronomical
measurements often require sub-arcsecond position accuracy, care is required when selecting refractive
bending and delay algorithms. For the spherically-uniform model atmospheres generally used for all
refractive bending and delay algorithms, positional accuracies . 1′′ are achievable when observing at
zenith angles . 75◦. A number of computationally economical approximate methods for atmospheric
refractive bending and delay calculation are presented, appropriate for astronomical observations un-
der these conditions. For observations under more realistic atmospheric conditions, for zenith angles
& 75◦, or when higher positional accuracy is required, more rigorous refractive bending and delay
algorithms must be employed. For accurate calculation of the refractive bending, we recommend the
Auer & Standish (2000) method, using numerical integration to ray-trace through a two-layer model
atmosphere, with an atmospheric model determination of the atmospheric refractivity. For the delay
calculation we recommend numerical integration through a model atmosphere.
Subject headings: atmospheric effects, telescopes
1. INTRODUCTION
The path through the Earth’s atmosphere of an electro-
magnetic wave emitted by an astronomical source devi-
ates from a straight line connecting source and observer.
This deviation is due to changes in the real portion of the
refractive index of the Earth’s atmosphere, defined as the
ratio of the speed of light in a vacuum and the phase ve-
locity in the medium through which the electromagnetic
wave propagates:
n ≡
c
vphase
. (1)
These changes in the refractive index of the atmosphere,
combined with Fermat’s principle, which states that
an electromagnetic signal will follow the path between
source and observer which takes the least amount of time,
results in a path which is “curved”. An observer on the
surface of the Earth measures the effect of this curved
path of the electromagnetic signal from the astronomi-
cal source as a deflection of the apparent position of the
source and a delay in the arrival time of the electromag-
netic signal. These two effects are generally referred to
as atmospheric refractive electromagnetic wave bending
and delay, respectively. Both of these effects lead to er-
rors in astronomical position measurement. Atmospheric
refractive bending leads to astronomical position errors
measured by single telescopes, while atmospheric refrac-
tive delay leads to position errors measured by interfer-
ometers.
For refractive signal bending an observer measures
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a difference between the unrefracted (or topocentric)
zenith distance1 of an astronomical source (z) and the
observed zenith distance (z0) of that source:
R ≡ z − z0. (2)
To relate this refractive signal bending to the refractive
index n we introduce the “refractivity” at the observer
(N0), which is related to refractive index (n0):
n0 − 1 = 10
−6N0, (3)
where N0, measured in parts per million, is a function
of the atmospheric pressure (P0), temperature (T0), and
relative humidity (RH0) at the observer.
The refractive delay experienced by an incoming elec-
tromagnetic wave due to its propagation through the
Earth’s atmosphere is given by:
Latm ≡
∫
s
(n− 1) ds (4)
where s is the path through and n is the refractive index
of the atmosphere.
The goal of this tutorial is to provide a summary of the
standard models used to calculate atmospheric electro-
magnetic signal bending and delay. With this summary
we also discuss the limitations of these models and their
relationship to example astronomical measurements. All
of the refractive models we address are limited by the
1 Astronomers use altitude, elevation (E) and zenith an-
gle/distance (z) interchangeably. With but one exception, we have
standardized the analyses presented in this tutorial by using zenith
angle.
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simplifications imposed by the parameterization of the
Earth’s atmosphere (Section 3.1). For example, all of
the atmospheric models we incorporate in our refractive
signal analysis assume a static, homogeneous, two-layer
(troposphere and stratosphere) atmosphere. We do not
address, for example, effects due to time-variable atmo-
spheric inhomogeneities (i.e. scintillation).
In this tutorial we begin by describing the physics of re-
fractive bending (Section 2), which includes a discussion
of the plane-parallel (Section 2.1) and radially-symmetric
(Section 2.2) approximations to the calculation of re-
fractive bending. We then review the general formalism
used to describe refractive electromagnetic wave bending
through the Earth’s atmosphere (Section 3), and describe
a standard procedure used for calculating the refractive
bending due to the Earth’s atmosphere. This discussion
necessarily involves a model of the Earth’s atmosphere
(Section 3.1). Our discussion of atmospheric refractive
signal bending ends with a discussion of commonly-used
approximations to the refractive bending (Section 3.2).
Our discussion of refractive delay (Section 4) describes
the general formalism and common usage of “delay mod-
els”. This discussion of refractive delay includes an anal-
ysis of two additional corrections to the refractive delay
at an antenna which is relevant to interferometric array
observations: differential atmospheric curvature (Sec-
tion 4.1.1) and antenna height correction (Section 4.1.2).
Section 5 provides some background information on some
of the generator function references presented, while Sec-
tion 6 presents our conclusions. Throughout this tutorial
application of the formalisms presented is made for the
case of the propagation of radio through submillimeter
wavelength electromagnetic radiation. We use the At-
acama Large Millimeter Array (ALMA) as a source for
many of these illustrative examples.
At a fundamental level the accuracy of the techniques
presented in this tutorial are limited by the simplifica-
tions warranted by the need to model global atmospheric
properties using local measurements. These simplifica-
tions include hydrostatic equilibrium for the dry compo-
nent and uniform mixing of the wet component (mainly
the troposphere) of the Earth’s atmosphere. Another
major source of uncertainty is our limited understanding
of the dispersive and non-dispersive refractive properties
of the water molecule. We make no attempt to quantify
these uncertainties rigorously, but do provide observa-
tional limits to the measured position of an astronomical
source imposed by the simplified algorithms presented.
2. THE PHYSICS OF REFRACTIVE BENDING
As was noted in Section 1, the path of an electro-
magnetic wave through a refractive medium, such as the
Earth’s atmosphere, is governed by Fermat’s Principle.
Figure 1 displays the example of an electromagnetic sig-
nal propagating from one medium (i.e. vacuum) with in-
dex of refraction n1 to another medium (i.e. the top of
the Earth’s atmosphere) with index of refraction n2. Us-
ing the dimensions illustrated in Figure 1:
t =
√
x21 + y
2
1
v1
+
√
x22 + y
2
2
v2
, (5)
where v1 and v2 are the phase velocities of the elec-
tromagnetic signal within each medium. Using the fact
n
n21 <
n2
n1
θ
θ2
1
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Fig. 1.— Diagram showing the propagation of an electromagnetic
signal from one medium to another.
that the total vertical distance that the electromagnetic
signal will travel is given by d = y1 + y2, we can substi-
tute for y2 in Equation 5 and differentiate with respect
to y1 in order to find the minimum time needed for the
electromagnetic signal to travel from point A to point B:
dt
dy1
=
y1
v1
√
x21 + y
2
1
−
(d− y1)
v2
√
x22 + (d− y1)
2
. (6)
Setting Equation 6 equal to zero and noting that sin θ1 =
y1/
√
x21 + y
2
1 , sin θ2 = y2/
√
x22 + y
2
2 , and n = c/v, we
find that:
n1 sin θ1 = n2 sin θ2, (7)
which is Snell’s Law.
If we now assume that the refractive medium is com-
posed of stratified layers which are radially-symmetric
about a common center, we can derive an equation which
relates the total amount of electromagnetic signal refrac-
tion to the local atmospheric conditions at the point of
observation. Before deriving the exact form for the re-
fraction it is instructive first to derive the approximate
form for the refraction assuming a plane-parallel atmo-
sphere.
2.1. Plane-Parallel Atmosphere
In the following we derive the approximate form
for electromagnetic signal refraction when the medium
through which the signal is propagating is assumed
to be plane-parallel. This derivation follows closely
and attempts to summarize that presented in three of
the standard references for this work: Smart (1962),
Bean & Dutton (1966), and Green (1985). A visualiza-
tion of a stratified plane-parallel atmosphere is shown in
Figure 2. Consider an atmosphere with N horizontally-
stratified layers with refractive indices nN , nN−1, . . .,
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Fig. 2.— Diagram showing the propagation of an electromagnetic
signal through a vertically-stratified atmosphere.
n1, n0. An electromagnetic signal entering the atmo-
sphere at zenith angle z will be successively refracted
through each layer, with the angle of refraction governed
by Snell’s Law (Equation 7):
ni sin zi = ni−1 sin zi−1. (8)
This successive application of Snell’s Law results in the
following relationship between the physical conditions at
the top of the refractive medium and those at the point
of observation:
n0 sin z0=nN sin zN
=sin z, (9)
where we have used the fact that the refractive index of
free-space nN is 1 and zN is the unrefracted (or topocen-
tric) zenith distance z. Defining the angle of refraction
R ≡ z − z0, and noting that R≪ 1, we can write Equa-
tion 9 as follows:
n0 sin z0=sin(R + z0)
= sinR cos z0 + cosR sin z0
≃R cos z0 + sin z0
R≃ (n0 − 1) tan z0 (radians). (10)
which is the equation for the total refraction in the limit
of a stratified plane-parallel atmosphere. With the re-
fractivity at the observer defined by Equation 3, the re-
fraction at the observer, R0, is given by:
R0 = 0.206265N0(ppm) tan zo (arcsec). (11)
Inserting the standard dry atmosphere value for N0 ≃
280ppm yields:
R0 ≃ 57.75 tanz0 (arcsec). (12)
2.2. Radially-Symmetric Atmosphere
In the following we extend the formalism used to derive
the refractive angle induced by a plane-parallel refrac-
tive medium to the general case of a radially-stratified
atmosphere (Figure 3). As with our derivation of the
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Fig. 3.— Diagram showing the propagation of an electromagnetic
signal through a radially-stratified atmosphere.
refraction due to a plane-parallel medium, the follow-
ing derivation follows closely and attempts to summarize
that presented in three of the standard references for this
work: Smart (1962), Bean & Dutton (1966), and Green
(1985). We start with Snell’s Law applied to the first
layer of the atmosphere:
nN sinφN = nN−1 sinψ, (13)
and noting that, for the triangle CQP, with line segments
CP ≡ rN and CQ ≡ rN−1:
rN−1 sinφN−1 = rN sinψ. (14)
Eliminating ψ from Equations 13 and 14:
nNrN sinφN = nN−1rN−1 sinφN−1. (15)
Applying Equation 15 to the last layer of the atmosphere
above the observer:
nr sinφ = n0r0 sin z0. (16)
Noting that the unrefracted (topocentric) zenith angle z
is given by:
z = φN + θ, (17)
and that the angle φN is equal to the angle between r
and the tangent to the angle θ:
tanφN = rN
dθ
dr
, (18)
Since it is the variation of z with height above the ob-
server that produces the total refraction at the observer,
we need to take the differential of Equation 17 and use
Equation 18:
dz=dφN + dθ
=dφN +
dr
rN
tanφN (19)
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and Equation 16:
n0r0 sin z0=(n+ dn)(r + dr)(sin φ+ d(sin φ))
= rn sinφ+ rdn sinφ+ ndr sinφ+ rn cosφdφ
rn cosφ
(
dφ+
dr
r
tanφ
)
= −rdn sinφ, (20)
where we have kept only first-order terms in the differ-
entials. Combining Equations 19 and 20:
dz = −
dn
n
tanφ, (21)
after which we can integrate over all layers in the
spherically-symmetric atmosphere, which results in the
astronomical refraction, R, defined as the topocentric
(i.e. unrefracted) zenith angle minus the observed (i.e.
refracted) zenith angle:
R =
∫ n0
1
tan(z)
n
dn (22)
where n is the index of refraction, z is the zenith angle,
and the integral is carried out along the path of the elec-
tromagnetic wave. In the next section we address the
specific problem of calculating the refractive electromag-
netic signal bending due to the Earth’s atmosphere.
3. REFRACTIVE BENDING DUE TO THE EARTH’S
ATMOSPHERE
Since the mid-1700s astronomers have studied refrac-
tive bending of electromagnetic waves due to the Earth’s
atmosphere in order better to understand the correspon-
dence between measured and absolute positions of as-
tronomical objects. Young (2004) presents a very thor-
ough historical review of the development of our un-
derstanding of atmospheric refraction at optical wave-
lengths. The development of radio refraction algorithms
parallels that described by Condon (2004) for the Green
Bank Telescope. There have been many formulations of
the equation which describes the bending of light through
the Earth’s atmosphere (see Young 2004). The follow-
ing derivation of a generalized refractive bending calcu-
lation using a simple ray-trace analysis was originally
proposed by Auer & Standish (1979)2 and further devel-
oped by Hohenkerk & Sinclair (1985), and is described
in Urban & Seidelmann (2013). A modern description of
the algorithm can be found in Auer & Standish (2000).
The SLALIB3 refraction function slaRefro uses a mod-
ified version of the Hohenkerk & Sinclair (1985) devel-
opment of the Auer & Standish (1979) algorithm. Re-
cent versions of slaRefro include an atmospheric model
(Liebe et al. 1993) that allow for calculation of the at-
mospheric refractivity up to frequencies of 1THz.
In principle, the refraction R could be calculated di-
rectly from Equation 22 by numerical quadrature. But,
as Auer & Standish (1979, 2000) point out, numerical
difficulties at z = 90◦ make it preferable to use z itself
2 Although Young (2000) reports that the algorithm had in fact
been derived and used by J. B. Biot in 1839.
3 SLALIB is the name of a widely used collection of positional-
astronomy computer subprograms. A Fortran version released un-
der the GNU General Public License is available from the Starlink
Software Store: see http://starlink.jach.hawaii.edu/starlink. Pro-
prietary C versions exist also.
as the variable of integration. Auer & Standish (2000)
derive a transformed version of Equation 22 which varies
slowly over z and avoids the numerical difficulties at
z = 90◦. Following their derivation, Equation 22 can
be written in terms of ln(n) as follows:
R =
∫ ln(n0)
0
tan z d(lnn). (23)
Taking the logarithmic derivative of Equation 16
ln(rn)= ln(n0r0 sin z0)− ln(sin z)
d(ln(rn))
dz
=−
1
tan z
(24)
and substituting this expression into Equation 23
R = −
∫ ln(n0)
0
dz
d(ln(rn))
d(lnn). (25)
Further substituting the following
d(ln(rn))=d(ln r) + d(lnn)
R(lnn0)=R(z0) (26)
leads to
R=−
∫ z0
0
d(lnn)
d(ln r) + d(lnn)
dz
=−
∫ z0
0
d(lnn)
d(ln r)
1 + d(lnn)
d(ln r)
dz, (27)
which is Equation 3 from Auer & Standish (2000). Mak-
ing the substitution
d(lnn)
d(ln r)
=
r
n
dn
dr
(28)
leads to the following
R = −
∫ z0
0
r dn
dr
n+ r dn
dr
dz. (29)
Note that one can replace the refractive index n with the
refractivity N using Equation 3.
Equation 29 is well-behaved at z = 90◦ and can be
evaluated by quadrature using equal steps in z. At each
step in z the corresponding values for r, n, and dn
dr
must
also be calculated, thus requiring input from a model
of the radial variation of P, T, and RH in the Earth’s
atmosphere (see Section 3.1). Values for r, n, and dn
dr
are
found by finding the roots of Equation 16 as a function
of r:
F (r) = nr −
n0r0 sin z0
sin z
. (30)
One can find the root of Equation 30 by Newton-Raphson
iteration, whereby the following equation is calculated
with an initial guess (r0) to find successive potential roots
(r1, r2, . . . ):
ri+1= ri −
F (ri)
F ′(ri)
= ri −
[
niri − n0r0
sin z0
sin z
ni + ri
dni
dri
]
(31)
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for i = 1, 2, . . ., where ri is the value of r calculated at
the previous step of the integration, and we have used
the fact that
F ′(r) =
dn
dr
r + n. (32)
Convergence of this iteration is fast, requiring only about
4 steps. Once one has a converged solution for r, n
and dn
dr
can be calculated using the chosen atmospheric
model.
The calculation then continues by integrating Equa-
tion 29 over each atmospheric interval (troposphere and
stratosphere) using Simpson’s rule with summation over
equal steps in z∫ r3
r0
f(r)dr =
∆r
3
(f0 + 4f1 + 2f2 + f3) , (33)
where fn is f(x) evaluated at x = x0, x1, x2, and x3.
One can then compare each integration result with the
result of the previous step of this integration. There
is then a check for either convergence (slaRefro uses
|
∫
f(zi)dz−
∫
f(zi−1)dz| ≤ 10
−8) or maximum iteration
reached (slaRefro uses 16384). If convergence or maxi-
mum iteration has not been reached, recalculate r at each
step in zenith distance by again solving Equation 29 us-
ing the procedure outlined above (Equation 31).
Equation 29 is the refraction equation used in
Urban & Seidelmann (2013), Equation 7.80. A simple
two component model of the atmosphere is often as-
sumed. In this model, there is a discontinuity in dn
dr
at
the tropopause, so the refraction integral must be calcu-
lated in two parts: one for the troposphere and another
for the stratosphere. Note also that atmospheric inho-
mogeneities can be accounted for in this formalism by
using multiple components in the integration.
3.1. Atmospheric Model
Equation 29 requires a description of the radial varia-
tion of n and its derivative dn
dr
, which depend upon the
radial variation of P , T , and RH in the Earth’s atmo-
sphere. A number of analytic expressions for n(r) and
dn
dr
have been used in the past, including the piecewise
polytropic model of Garfinkel (1944, 1967). Following
the atmospheric model described by Sinclair (1982) and
Hohenkerk & Sinclair (1985), a simple two-component
model for the Earth’s atmosphere can be defined as fol-
lows:
• Spherically symmetric distribution of density with
two layers (troposphere and stratosphere).
• Hydrostatic equilibrium.
• Perfect gas law applies.
• Temperature decreasing at a constant rate with
height in the troposphere and constant in the
stratosphere.
• The Gladstone-Dale relation, n − 1 = aρ, which
relates the refractive index n and the density ρ,
where a is a constant which depends only on the
local physical properties of the atmosphere.
• Two layer structure4 with a < ∞ for re ≤ r ≤ ht
and a =∞ for ht ≤ r ≤ hs.
• Constant relative humidity in the troposphere
which is consequently equal to the relative humid-
ity measured at the observer.
• The following constants:
– Universal gas constant:
Rg = 8314.32 J/(mole ∗K)
– Molecular weight of dry air:
Md = 28.9644 gm/mole
– Molecular weight of wet air:
Mw = 18.0152 gm/mole
– Molecular weight of atmosphere (mixture of
dry and wet air): Matm
– Acceleration due to gravity at the center of
mass of the vertical column of air above the
observer at observer height h0: gm. See Ap-
pendix B for further details on the preferred
expression for gm.
– Height of the Earth’s geoid (assuming WGS84
spheroid) as a function of latitude: rWGS84 =
6378.137
(
1− sin
2 φ
298.257223563
)
km
– Distance from the geoid to the observer: h0
– Distance from the geoid to the tropopause: ht
– Distance from the geoid to the limit of the
stratosphere: hs
– Total height of the observer: r0 = rWGS84+h0
– Total height of the troposphere:
rt = rWGS84 + ht
– Total height of the stratosphere:
rs = rWGS84 + hs
In the following we derive the radial variation of the
temperature (T ) and pressure (P ).
3.1.1. Temperature Distribution
The distribution of temperature with r is defined as:
T (r)=T0 + α(r − r0)
dT
dr
=α, (34)
where α is often referred to as the “atmospheric tempera-
ture lapse rate”. In the following analysis of the pressure
distribution we will use these temperature relations.
3.1.2. Pressure Distribution
In the following we derive the distribution of pressure
with height above the observer. The algorithm we de-
scribe follows closely that presented by Sinclair (1982),
Murray (1983), and Hohenkerk & Sinclair (1985). Com-
bining the ideal gas law:
P =
ρRgT
Matm
(35)
4 In the adopted atmospheric model the tropopause is a transi-
tion, not a layer.
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and the equation for hydrostatic equilibrium:
dP
dr
= −gmρ (36)
and the temperature distribution relation (Equation 34)
we find that:
dP
P
= −
gmMatm
αRg
dT
T
. (37)
Integrating Equation 37 yields:∫
dP
P
=−
gmMatm
αRg
∫
dT
T
ln
(
P
P0
)
=ln
(
T
T0
)− gmMatm
αRg
P
P0
=
(
T
T0
)− gmMatm
αRg
=
(
T
T0
)β
(38)
where we have defined:
β ≡ −
gmMatm
αRg
. (39)
The total atmospheric pressure (P ) and density (ρ)
each have two components: the partial pressure and den-
sity due to dry air (Pd and ρd) and the partial pressure
and density due to water (Pw and ρw). Since the wa-
ter vapor pressure Pw decreases much more rapidly than
the total pressure P , we need to separate P into its con-
stituent parts. These pressures and densities are related
as follows:
P =Pd + Pw (40)
ρ=ρd + ρw (41)
using the Ideal Gas Law (Equation 35) for each com-
ponent (dry, wet, and total), we can write Equation 35
as:
P =
RgT
Matm
(ρd + ρw)
=
PdMd + PwMw
Matm
, (42)
which allows us to write Matm in terms of its dry and
wet components as using Equation 40:
Matm=
PdMd + PwMw
P
=Md −
Pw (Md −Mw)
P
. (43)
Combining Equations 43, 37, and 38 produces a general
expression which describes the variation of P with r:
dP
P
=
−gmMd
αRg
dT
T
+
gmMdPw
αRgP0
(
T
T0
)−β (
1−
Mw
Md
)
dT
T
=β
dT
T
− β
Pw
P0
(
T
T0
)−β (
1−
Mw
Md
)
dT
T
. (44)
Note that in Equation 44 gm (Equation B8) and T (Equa-
tion 34) are known functions of r. Only the radial de-
pendence of Pw is as yet unknown.
At this point we need to take a little diversion into the
relationship between relative humidity (RH) and satura-
tion vapor pressure (esat). In Appendix C we note that
the approximation:
esat(P, T )
esat(P0, T0)
=
(
T
T0
)γ
(45)
for saturation vapor pressure agrees with the more ex-
act expression (Equation C1: Buck (1981)) to within
±0.2hPa5 for P between 600 hPa and 1200hPa and T
between −30C and +20C. Therefore, using Equation 45
in Equation 44 yields:
dP
P
= β
dT
T
− β
Pw0
P0
(
T
T0
)γ−β (
1−
Mw
Md
)
dT
T
. (46)
Integrating Equation 46 in the same way as for Equa-
tion 37 leads to the general expression which describes
the radial dependence of atmospheric pressure:
ln
(
P
P0
)
=ln
(
T
T0
)β
+
β
γ − β
(
1−
Mw
Md
)
Pw0
P0
[
1−
(
T
T0
)γ−β]
P
P0
=
(
T
T0
)β
exp(W ) (47)
where we have defined:
W ≡
β
γ − β
(
1−
Mw
Md
)
Pw0
P0
[
1−
(
T
T0
)γ−β]
. (48)
Sinclair (1982) points out that W . 0.003, which allows
one to expand the exponential as exp(W ) ≃ 1 +W and
write Equation 47 as:
P
P0
=
(
T
T0
)β
+
β
γ − β
(
1−
Mw
Md
)
Pw0
P0
[(
T
T0
)β
−
(
T
T0
)γ]
. (49)
3.1.3. Application to the Troposphere and Stratosphere
In the following we list the parametric forms for P (r),
T (r), RH(r), n, and dn
dr
in the troposphere and the
stratosphere:
5 Note that 1 hectopascal (hPa) = 1 millibar (mb) and that we
use these two units interchangeably.
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Troposphere:: (re ≤ r ≤ ht)
T (r)=T0 + α(r − r0) (50)
P (r)=P0
(
T
T0
)β
+
βPw0
γ − β
(
1−
Mw
Md
)
[(
T
T0
)β
−
(
T
T0
)γ]
(51)
RH(r)=RH0 (constant) (52)
n=1 + 10−6N(r) (53)
dn
dr
=10−6
dN(r)
dr
(54)
Stratosphere:: (ht ≤ r ≤ hs)
For isothermal atmospheric layers (like the strato-
sphere), α = 0 and we use the approximation
ln(1 + ǫ)→ ǫ as ǫ→ 0, which makes Equations 34
and 38 become
T (r)=T (ht) (constant) (55)
P (r)=P (ht) exp
[
−
gmMatm(r − rt)
RgT (ht)
]
(56)
RH(r)=0 (57)
n=1 + (n(ht)− 1) exp
[
−
gmMatm(r − rt)
RgT (ht)
]
=1 + 10−6N(ht) exp
[
−
gmMatm(r − rt)
RgT (ht)
]
(58)
dn
dr
=−
gmMatm(r − rt)
RgT (ht)
(n(rt)− 1)
exp
[
−
gmMatm(r − rt)
RgT (rt)
]
=−
gmMatm(r − rt)
RgT (ht)
10−6N(rt)
exp
[
−
gmMatm(r − rt)
RgT (rt)
]
(59)
3.1.4. Atmospheric Radio/Submillimeter Refractivity
There are two ways to derive the atmospheric refrac-
tivity N0 at the observatory for use in Equation 29:
1. Develop a closed-form expression for N rad0 as func-
tions of P and T .
2. Use an atmospheric model.
As the historical development of N0 started with (1),
which will also allow us to describe the physics behind
this quantity, we revisit those expressions for N0 ≡ N
rad
0
which are appropriate for calculations at radio and sub-
millimeter wavelengths6.
In general, the refractivity of moist air at microwave
frequencies depends upon the permanent and induced
dipole moments of the molecular species that make up
the atmosphere. The primary species that make up the
6 For a brief description of atmospheric refractivity at optical
wavelengths, see Appendix A
dry atmosphere, nitrogen and oxygen, do not have per-
manent dipole moments, so contribute to the refractiv-
ity via their induced dipole moments. Water vapor does
have a permanent dipole moment. Permanent dipole mo-
ments contribute to the refractivity as N rad0 ∝
P
T 2
, while
induced dipole moments contribute as N rad0 ∝
P
T
, where
P is the pressure and T is the temperature of the species.
A simple parameterization of the frequency-
independent (nondispersive) refractivity at the
zenith is given by the Smith-Weintraub equation
(Smith & Weintraub 1953):
N rad0 = k1
Pd
T
+ k2
Pw
T
+ k3
Pw
T 2
+ k4
Pc
T
(60)
where Pd, Pw, and Pc are the partial pressures due to
dry air, water vapor, and carbon dioxide, T is the tem-
perature of the atmosphere, and k1, k2, k3, and k4 are
constants. The dry and wet air refractivities are then
given by:
Nd= k1
Pd
T
(61)
Nw= k2
Pw
T
+ k3
Pw
T 2
(62)
Nc= k4
Pc
T
=
5
3
Pc
T
. (63)
Since the partial pressure due to carbon dioxide is ∼
0.04%7 of the total pressure, this term is often ignored
or lumped into the dry air contribution in the simple
parameterizations of atmospheric refractivity.
The dry air contribution to this refractivity (Nd) is
primarily due to oxygen and nitrogen, and is nearly in
hydrostatic equilibrium. Therefore, Nd does not depend
upon the detailed behavior of dry air pressure and tem-
perature along the path through the atmosphere, and can
be derived based on local atmospheric temperature and
pressure measurements. The wet air refractivity (Nw)
can be inferred from local water vapor radiometry mea-
surements.
Closed-form approximations for the nondispersive
N rad0 (P, T ) have been derived for use at frequencies be-
low 100 GHz by Brussaard & Watson (1995):
BWN rad0 = 77.6
Pd
T
+ 72.0
Pw
T
+ 3.75× 105
Pw
T 2
ppm
= 77.6
P
T
− 5.6
Pw
T
+ 3.75× 105
Pw
T 2
ppm (64)
and Smith & Weintraub (1953) (see also Crane (1976)
and Liebe & Hopponen (1977)):
SWN rad0 = 77.6
Pd
T
+ 72.0
Pw
T
+ 3.776× 105
Pw
T 2
ppm
= 77.6
P
T
− 12.8
Pw
T
+ 3.776× 105
Pw
T 2
ppm
(65)
where
Pd is the partial pressure of dry gases in the atmo-
sphere (in hPa),
7 At present, this compares with less than 0.03% in pre-industrial
times, and is currently increasing by more than 0.002% per decade.
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Pw is the partial pressure of water vapor (in hPa),
P is the total barometric pressure (in hPa), which is
equal to Pd + Pw, and
T is the ambient air temperature (in Kelvin).
The best of the closed-form approximations to the
nondispersive refractivity, though, is the equation de-
rived by Ru¨eger (2002) which uses what he describes as
the “best average” values for the coefficients k1, k2, and
k3 (which includes a 375 ppm contribution due to carbon
dioxide in the k1 term):
RuegerN rad0 = 77.6890
Pd
T
+ 71.2952
Pw
T
+ 3.75463× 105
Pw
T 2
ppm
= 77.6890
P
T
− 6.3938
Pw
T
+ 3.75463× 105
Pw
T 2
ppm. (66)
Comparing these three closed-form expressions for ra-
dio refractivity at representative values of pressure, tem-
perature, and relative humidity appropriate for the best
(P = 560hPa, T = −20C, RH = 0%) and worst (P =
548hPa, T = +20C, RH = 100%) atmospheric condi-
tions at the ALMA site (altitude = 5.0587km) to a more
exact model of the atmospheric refractivity (which in-
cludes a dispersive contribution), we find that:
• The Brussaard & Watson (1995),
Smith & Weintraub (1953), and Ru¨eger (2002)
expressions agree to better than 0.1% for all
conditions.
• The Brussaard & Watson (1995),
Smith & Weintraub (1953), and Ru¨eger (2002)
expressions agree with a more exact (i.e. including
dispersive refractivity; Liebe (1989)) atmospheric
model prediction of N rad0 to better than (see
Figure 4):
– Under the best ALMA atmospheric condi-
tions:
∗ 0.08% at 8GHz
∗ 0.13% at 230GHz
∗ 0.13% at 370GHz (this is a band edge for
ALMA)
∗ 0.13% at 950GHz (the highest band edge
for ALMA)
– Under the worst ALMA atmospheric condi-
tions:
∗ 0.11% at 8GHz
∗ 0.76% at 230GHz
∗ 3.85% at 370GHz
∗ 6.42% at 950GHz
It is clear from this comparison that the closed-form ex-
pressions for N0 are very good for calculations at fre-
quencies far from telluric lines and for relatively dry con-
ditions. For general high-accuracy calculations at sub-
millimeter wavelengths which require better than 5% ac-
curacy one should use an atmospheric model (such as
Liebe 1989; Liebe et al. 1993; Pardo et al. 2001) which
incorporates both nondispersive and dispersive contribu-
tions to the refractivity to derive the total atmospheric
refractivity.
3.2. Approximations to the Astronomical Refraction
Instead of using the integral Equation 22, various ap-
proximations are often made to reduce this expression
to a simple analytic form. Some of the more generally
useful forms are based on a generator function formalism
which assumes an exponential atmospheric profile
N(h) = N0 exp
[
−
(r − r0)
H
]
, (67)
where r and r0 are height coordinates and H is the ef-
fective height of the atmosphere
H =
RgT
Matmgm
, (68)
where Rg is the universal gas constant, Matm is the mo-
lar mass of the atmosphere, T is the temperature of the
atmosphere, and gm is the gravitational acceleration con-
stant measured at the center of the vertical column of air
(see Section 3.1).
One form of this generator function formalism has been
described by Yan & Ping (1995) and Yan (1996) as fol-
lows:
Rgenerator = R0m
′(z) sin z, (69)
where R0 is defined in terms of N0 in Equation 11 and
where the generator function m′(z) is defined as follows:
m′(z) =
1
cos z +
A1
I2 sec z +
A2
cos z +
13.24969
I2 sec z + 173.4233
(70)
with
I =
√
r0
2H
cot z. (71)
See Mangum (2001) for further information on the use
of this formalism for calculating the refraction. Note,
though, that the analysis presented in Yan & Ping (1995)
purports to achieve an accuracy far better than is realis-
tic. Furthermore, comparisons with the refraction func-
tion slaRefro suggests that the parametric equation pre-
sented in Yan & Ping (1995) is tuned to a specific set
of site and meteorological conditions (sea level and rela-
tively dry).
An even simpler, though less exact, approximation to
Equation 22 can be derived if one assumes a single-layer
uniform atmosphere. Noting that Snell’s Law (Equa-
tion 7) reformulated in terms of zenith angle for a single-
layer atmosphere (Equation 16 with φ = z) becomes:
nr sin z = n0r0 sin z0, (72)
we can solve for sin z and substitute into the trigonomet-
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Fig. 4.— Radio refraction coefficient fractional difference between the Ru¨eger (2002) and Liebe (1989) estimates for Nrad
0
under the worst
(top panel) and best (bottom panel) sets of atmospheric conditions measured at the ALMA site. The best-case condition is equivalent to
a troposphere devoid of water vapor. The solid horizontal bars near the top of the diagram show the frequency ranges for the 10 ALMA
receiver bands (Wootten & Thompson (2009)).
ric identity for tan z:
tan z=
sin z√
1− sin2 z
=
n0r0 sin z0√
n2r2 − n20r
2
0 sin
2 z0
. (73)
Substituting this expression into our general equation for
atmospheric refraction (Equation 22) results in an ap-
proximation to the refractive atmospheric bending due
to a single-layer Earth atmosphere:
Rspherical =
∫ n0
1
n0r0 sin z0
n(n2r2 − n20r
2
0 sin
2 z0)
1
2
dn. (74)
As noted in Smart (1962, Chapter III, Section 37),
since the height of the Earth’s atmosphere at which the
refractive medium is located is small in comparison with
its radius (r ≪ r0), we can use:
r
r0
= 1 + ǫ (75)
where ǫ≪ 1 to substitute for r
r0
in Equation 74:
Rspherical =
∫ n0
1
n0 sin z0
n(n2 − n20 sin
2 z)
1
2
dn
−
∫ n0
1
n0 sin z0nǫ
(n2 − n20 sin
2 z)
3
2
dn, (76)
which after integration (See Smart 1962; Green 1985)
becomes:
Rspherical = A tan z +B tan
3 z + C tan5 z (77)
where A, B, and C are constants dependent on the local
atmospheric temperature, pressure, and relative humid-
ity. The approximations used to derive Equation 77 are
good for z ≤ 75◦. For a plane-parallel single-layer at-
mosphere all of the terms higher than first order in z
are zero, which results in the following equation for the
atmospheric refraction (see Equation 10):
Rplane = A tan(z). (78)
Figure 5 shows some example refraction calculations.
4. REFRACTIVE DELAY DUE TO THE EARTH’S
ATMOSPHERE
The calculation of the atmospheric refractive delay
parallels that for refractive bending. To illustrate this
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Fig. 5.— Refraction (R; top) and refraction difference (∆R; bottom) as a function of zenith angle for a sampling of refraction models. The
refraction function slaRefro is a modified version of the Hohenkerk & Sinclair (1985) development of the Auer & Standish (1979) algorithm
(Section 3). “Optical” uses Equation A1 with the Yan & Ping (1995) generator function Equation 69. “Rueger” uses Equation 66 with
with the Yan & Ping (1995) generator function Equation 69. “TanTan” uses Equation 77 with the coefficient C set to zero and coefficients
A and B derived using the SLALIB routine slaRefco. To derive A and B slaRefco forces the refraction Equation 77 to agree with slaRefro
at z = 45◦ and arctan(4), or ∼ 76◦.
fact, the plane-parallel atmosphere approximation to the
general equation for atmospheric delay (Equation 4) is
given by:
Latm =
∫ ∞
r0
10−6N(r)
cos z
dr (79)
In practice the upper limit to the integral in Equation 79
is the top of the stratosphere. By using an atmospheric
model to calculate N(r) one can numerically integrate
Equation 79 to derive the refractive delay due to the
atmosphere. Note that Equation 79 becomes inaccurate
at large zenith angles.
To derive a more exact estimate of the atmospheric
refractive delay one can assume an atmosphere that is
horizontally stratified with an exponential distribution in
scale height. Thompson et al. (2001) pp. 516-518 discuss
this scenario, the derivation for which we reproduce in
the following. The excess path length is given by:
Latm = 10
−6N0
∫ ∞
0
exp
(
−
h
hatm
)
dy, (80)
where N0 is the refractivity at the Earth’s surface, h is
the height above the Earth’s surface, hatm is the atmo-
spheric scale height, y is the length coordinate along the
direction to the source, z is the antenna zenith angle
while observing the source, and an exponential distri-
bution to the atmospheric index of refraction has been
assumed. One can relate y, h, hatm, and z as follows (see
Figure 13-4 in Thompson et al. (2001), page 517) using
the cosine rule on the triangle formed by r0, y, and r0+h:
(r0 + h)
2
= r20 + y
2
0 − 2r0y cos(180
◦ − z). (81)
Solving for h yields:
h = y cos z +
y2 − h2
2r0
. (82)
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For the nearly right-angled triangle with sides y sin(zi),
y, and h, we can write:
y2 − h2 ≃ (y sin zi)
2 . (83)
Since r0 ≃ 6370km and h ≃ 12 km (the typical height
of the troposphere, which varies from 9 to 17 km, pole
to equator, and seasonally), r0 ≫ h. Since zi ≃ z +
h
r0
,
zi ≃ z (refractive bending is neglected). The equation
for h in terms of y, z, and r0 then becomes:
h ≃ y cos z +
y2
2r0
sin2 z. (84)
We can now write the expression for L as follows:
Latm ≃ 10
−6N0
∫ ∞
0
exp
(
−
y
hatm
cos z
)
× exp
(
−
y2
2r0hatm
sin2 z
)
dy. (85)
Since y
2
r0hatm
≪ 1, the second term in the equation above
can be expanded with a Taylor series so that:
Latm ≃ 10
−6N0
∫ ∞
0
exp
(
−
y
hatm
cos z
)
×
(
1−
y2
2r0hatm
sin2 z +
y4
8r20h
2
0
sin4 z + ...
)
dy. (86)
Integration yields:
Latm ≃ 10
−6N0hatm sec z
×
(
1−
hatm
r0
tan2 z +
3h20
r20
tan4 z + ...
)
. (87)
Writing this equation in terms involving sec z, the excess
path length L becomes:
Latm ≃ 10
−6N0hatm
[(
1 +
hatm
r0
+
3h20
r20
)
sec z
−
(
hatm
r0
+
6h20
r20
)
sec3 z +
3h20
r20
sec5 z + ...
]
. (88)
Note that one must calculate N0 using a suitable at-
mospheric model which uses measurements of the local
atmospheric pressure, temperature and relative humid-
ity to derive the resultant differential residual delay. In
Figure 6 we show a representative calculation of Latm
for the same set of typical atmospheric conditions on the
ALMA site used to characterize the atmospheric refrac-
tive bending (R) in Figure 5.
4.1. Differential Excess Atmospheric Delay Between
Antennas
In the calculation of the atmospheric delay for the an-
tenna elements in an interferometer, two additional delay
corrections need to be considered. The first correction is
due to the differential excess path length induced by a
non-planar atmosphere (Hinder & Ryle 1971). The sec-
ond is a correction to N0 at each antenna which accounts
for differences in the height of the antenna (Az,El) in-
tersection point above the reference point for the local
atmospheric parameters for the interferometer.
4.1.1. Differential Atmospheric Curvature Delay Between
Antennas
For antenna elements oriented along an east-west base-
line observing a source that is transiting, we can estimate
the change in excess atmospheric delay between one an-
tenna and another antenna along this baseline. Taking
the derivative of Latm with respect to z and multiplying
this derivative by the baseline length D divided by r0
yields the atmospheric differential delay between two an-
tennas separated by distance D along an east-west base-
line:
dLatm
dz
≃
−DN0h0 tan z
r0
[(
1 +
h0
r0
+
3h20
r20
)
sec z
− 3
(
h0
r0
+
6h20
r20
)
sec3 z +
15h20
r20
sec5 z + ...
]
(mm)
(89)
where D is in m, h0 is in km, r0 is in km, and the re-
sult is in mm. Figure 7 shows the results of Equation 89
as a function of N0 for a range of baseline lengths and
source zenith angles. To illustrate the magnitude of this
correction to the atmospheric delay, for an antenna sep-
aration of ∼ 2 km observing a source at a zenith an-
gle of ∼ 45 degrees the differential excess atmospheric
curvature delay is ∼ 5N0 µm. For a typical value of
N0 ∼ 300 ppm
dLatm
dz
≃ 1.5mm.
4.1.2. Antenna Height Correction to Total Atmospheric
Delay
In the calculation of the zenith atmospheric delay at an
antenna it is assumed that the atmospheric properties (P,
T, RH) are the values measured at the (Az,El) axis inter-
section point of the antenna. For example, in VLBI each
antenna station has a set of associated weather measure-
ments which are used to calculate N0. For a clustered
array like the VLA or ALMA, the effects of the differ-
ences in antenna (Az,El) axis intersection point height
above some reference point for the local atmospheric pa-
rameters need to be accounted for.
The antenna height correction to the total atmospheric
delay can be estimated using a simple atmospheric delay
model which corrects for the path difference between each
antenna in an array and a reference point at the center of
the array. For a clustered array like the VLA, the extra
atmospheric path due to a difference in antenna height
above the center-of-the-array reference point (∆H , in ns)
is given simply by the change in atmospheric pressure
between the antenna array elements. A simple estimate
of the magnitude of the antenna height difference cor-
rection at the zenith can be obtained by assuming that
the pressure P changes linearly with height. Then, for
example, 100 cm of additional antenna height out of a
total atmospheric height of 8 km would correspond to(
100 cm
8 km
)
P = 0.099hPa of pressure differential, where
we have assumed that P = 790 hPa (typical atmospheric
pressure at the VLA site). The change to the dry term
of the atmospheric delay is roughly 2.3mm/hPa. This
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Fig. 6.— Refraction (R; left) and excess path delay (Latm; right) as a function of zenith angle for the atmospheric conditions indicated.
The Liebe (1989) atmospheric model has been used to calculate Latm (N0 = 189.416 ppm).
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Fig. 7.— Plot of Equation 89 as a function of N0 for baseline
lengths from 10m to 1 km and zenith angle 1 to 90 degrees.
implies that a pressure change of 0.099hPa corresponds
to approximately 0.228mm of path difference, which is
approximately ten times smaller than the excess delay
due to atmospheric curvature (Section 4.1.1).
4.2. Refractive Delay Calculation in Practice
Starting in the 1970’s geodesists developed atmo-
spheric refractive delay models which emphasized com-
putational simplicity. As with the derivation of the atmo-
spheric refractive bending, atmospheric refractive delay
is generally parameterized as the product of a term which
depends upon the local atmospheric parameters (Z) and
a term which describes the zenith angle dependence of
the atmospheric delay through the use of a “mapping
function”8 (M).
As was the case for atmospheric refractive bending, in
lieu of an atmospheric model based calculation of N it is
often convenient to separate the atmospheric delay into
contributions due to the dry and wet components of the
atmosphere:
Latm = Ld + Lw, (90)
where Ld is the contribution due to dry air while Lw is
the contribution due to water vapor. In general Ld and
Lw are parameterized in terms of a zenith contribution
to the delay which is dependent upon local atmospheric
conditions (Z) and a mapping function (M) which re-
late delays at an arbitrary zenith angle z to that at the
8 The “mapping function” M used in atmospheric refractive de-
lay calculations is directly analogous to the “generator function”
m′ sometimes used in the atmospheric refractive bending calcula-
tion.
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zenith:
Latm=ZM
=ZdMd + ZwMw (91)
Since z is the unrefracted zenith angle, refractive delay
effects are included in the mapping functions M . In the
following we describe typical methods for calculating Z
and M .
4.2.1. Zenith Delay
The contribution to the atmospheric delay at the
zenith (Z) is a measure of the integrated refractivity of
the atmosphere at the zenith (N). As was noted in Sec-
tion 3.1.4 there are closed-form expressions for N(P, T )
which are appropriate for calculations at frequencies be-
low 100 GHz. For high-frequency calculations, one must
use an atmospheric model.
4.2.2. Mapping Functions
The simplest form for the mapping function (M),
which relates the delay at an arbitrary zenith angle z
to that at the zenith, is given by the plane-parallel ap-
proximation for the Earth’s atmosphere:
M =
1
cos z
(92)
This simple form is in practice inadequate, which led
Marini (1972) to consider corrections which accounted for
the Earth’s curvature. Assuming an exponential atmo-
spheric profile where the atmospheric refractivity varies
exponentially with height above the antenna, Marini
(1972) developed a continued fraction form for the map-
ping function:
M =
1
cos z +
a
cos z +
b
cos z + c
, (93)
where we include only the first three terms in the contin-
ued fraction. The constants a, b, c, d, etc. in the contin-
ued fraction forms for the mapping functions presented
in this tutorial are generally derived from analytic fits
to ray-tracing results of standard atmospheric models.
These mapping function constants are often optimized
using measurements of the atmospheric distribution of
pressure and temperature over an observatory (based on
radiosonde measurements, for example). The mapping
functions derived in Niell (1996) and Davis et al. (1985)
are optimized in this way.
Two slight modifications to the Marini (1972) contin-
ued fraction functional form can be implemented to force
M = 1 at the zenith:
• Normalize Equation 93 as follows:
M =
1 +
a
1 +
b
1 + c
cos z +
a
cos z +
b
cos z + c
. (94)
See Niell (1996) for a discussion of how to use this
form of the mapping function9, including deriva-
tion of the coefficients a, b, and c.
• Replace the even numbered cos z terms (i.e. the
second, fourth, sixth, etc.) with cot z:
M =
1
cos z +
a
cot z +
b
cos z + c
. (95)
Chao (1974) introduced this modification by trun-
cating the Marini (1972) form to include only two
terms.
As noted in Section 3.2, a similar continued-fractional
form for the mapping function has been developed by
Yan & Ping (1995) and Yan (1996) (Equation 70).
A physically more correct mapping function has been
derived by Lanyi (1984). Unlike previous mapping func-
tions, Lanyi’s does not fully separate the dry and wet
contributions to the delay, which is a more physically
correct approximation. It is based on an ideal model
atmosphere whose temperature is constant from the sur-
face to the inversion layer h1, then decreases linearly with
height at rate W from h1 to the tropopause height h2,
then is assumed to be constant above h2. This mapping
function is designed to be a semi-analytic approxima-
tion to the atmospheric delay integral that retains an
explicit temperature profile that can be determined us-
ing meteorological measurements. The mapping function
is expanded as a second-order polynomial in Zd and Zw,
plus the largest third-order term. It is nonlinear in Zd
and Zw. It also contains terms which couple Zd and Zw,
thus including terms which arise from the bending of the
electromagnetic wave path through the atmosphere. The
functional form for the atmospheric delay in this Lanyi
(1984) model is given by:
Latm =
F (E)
sinE
, (96)
where
F (E) = Fd(E)Zd + Fw(E)Zw
+
Fb1(E)Z
2
d + 2Fb2(E)ZdZw + Fb3(E)Z
2
w
∆
+
Fb4(E)Z
3
d
∆2
,
(97)
where Zd = dry atmospheric zenith delay, Zw = wet at-
mospheric zenith delay, Fbn = n-th bending contributions
to the delay, ∆ = dry atmospheric scale height = kT0
mgm
,
k = Boltzmann’s constant, T0 = daily average surface
temperature, m = mean molecular mass of dry air, and
gm = gravitational acceleration of the center of gravity
of the air column. Standard values of k, m, T0 = 292K
(appropriate for mid-latitudes), gm = 978.37 cm/s
2, and
∆ = 8.6 km, are assumed. The dry, wet, and bending
contributions are expressed in terms of moments of the
refractivity. The bending terms are evaluated for the
9 Note that Equation 4 in Niell (1996) contains a typo. The
numerator should be just A, rather than 1
A
. See Niell (2001).
Equation 94 lists the correct form for this equation.
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ideal model atmosphere and thus give the dependence
of the delay on the four parameters T0, W , h1, and h2.
Therefore, the Lanyi (1984) model relies upon accurate
surface meteorological measurements at the time of the
observations to which the delay model is applied.
Note that, contrary to the rest of this tutorial, we have
cast the functional form for the Lanyi (1984) atmospheric
delay in terms of the elevation (E), which is the coordi-
nate used by Lanyi (1984), rather than zenith angle. As
the terms in Equation 97 are complex functions of E,
we opted not to provide a version of Equation 97 which
used z as the dependent variable, mainly out of fear of
possibly adding errors to this discussion.
4.2.3. Mapping Function Summary
Differences between the various mapping functions in-
crease rapidly at high zenith angle (z > 80◦). Lanyi
(1984) has compared the (Marini 1972, Equation 93),
(Chao 1974, Equation 95), and (Lanyi 1984, Equa-
tion 96) mapping functions for atmospheric refractive
delay measurements at radio wavelengths. For z < 50◦
these mapping functions differ by less than 4mm in ex-
cess path length. At high zenith angles (z > 80◦),
though, these differences increase to 60mm, rapidly in-
creasing for even higher zenith angles.
Errors in the atmospheric path delay to an antenna
are equivalent to errors in the vertical position of the
antenna. Furthermore, for an interferometric antenna
array errors in the vertical position of an antenna are to
first-order proportional to an error in the interferometric
baseline involving that antenna. Interferometric array
baseline determination relies on measurements of astro-
nomical point sources observed over as large a range in
zenith angle as possible. Davis et al. (1985) showed that
limiting the maximum zenith angle in a baseline mea-
surement from 85 to 80 degrees results in an error in the
baseline determination of ∼ 10−5. As baselines in an
interferometric array must be measured to an accuracy
of better than one part in 107 (Thompson et al. 2001)
so as not to degrade the sensitivity of the measurements
made with the interferometric array, errors in the deter-
mination of the atmospheric refractive delay can be sig-
nificant for Very Long Baseline Interferometric (VLBI)
measurements and/or interferometric measurements at
millimeter and submillimeter wavelengths.
5. SOME BACKGROUND ON GENERATOR FUNCTION
REFERENCES
In the following we give some background information
on some of the references quoted in this section:
Niell (1996):: Global Mapping Functions for the Atmo-
spheric Delay at Radio Wavelengths. The standard
reference for the derivation of a global mapping
function for atmospheric delay. This derivation of
the mapping function is noteworthy in that it at-
tempts to represent analytically the global weather
variations as a function of location (latitude) and
time of year, and contains no adjustable parame-
ters (i.e. does not require input pressure and tem-
perature for each station). Note that Equation 4
in Niell (1996) has a typo whereby the terms which
are printed as “1/term” in both the numerator and
denominator should really be just “term” in both
the numerator and denominator.
Davis et al. (1985):: Geodesy by Radio Interferome-
try: Effects of Atmospheric Modeling Errors on
Estimates of Baseline Length. An application of
a modified Smith-Weintraub refractivity and the
Niell mapping functions.
Sovers et al. (1998):: Astrometry and Geodesy with
Radio Interferometry: Experiments, Models, Re-
sults. An excellent overview paper describing the
details involved in calculating geometric and atmo-
spheric delay. Uses the Lanyi (1984) model for the
mapping function, which is a significant departure
from the standard (i.e. Niell (1996)) mapping func-
tions which derive from the Marini (1972) reduced
fraction functional form.
Lanyi (1984):: Tropospheric Delay Effects in Radio In-
terferometry. Derivation of a new “tropospheric”
(really atmospheric) mapping function which, un-
like previous mapping functions, takes account of
second and third order effects in the refractivity
which are due to refractive bending. This deriva-
tion of the mapping function is noteworthy in that
it does not fully separate the dry and wet contri-
butions to the delay, making it a physically more
exact representation. It is claimed to be more ac-
curate than previous (i.e. Niell) mapping functions
for z < 86◦, and the error due to the derived ana-
lytic form for the mapping function is estimated to
be less than 0.02% for z < 84◦.
Yan & Ping (1995):: The Generator Function Method
of the Tropospheric Refraction Corrections. An-
other derivation of a new “tropospheric” (really
atmospheric) mapping function. A cousin to ex-
isting reduced-fraction expansions of the mapping
function.
Yan (1996):: A New Expression for Astronomical Re-
fraction. Related to the Yan & Ping (1995) refer-
ence above, but applied to the refraction calcula-
tion problem. Using the Yan & Ping (1995) and
Yan (1996) references one can apply a unified for-
malism to both the atmosphere-induced refractive
delay and bending problems.
6. CONCLUSIONS
Modern astronomical measurements often require sub-
arcsecond position accuracy. For the simplified model
atmospheres presented in this tutorial, which assume a
spherical structure with hydrostatic equilibrium for the
dry component (mainly the stratosphere) and uniform
mixing of the wet component (mainly the troposphere)
of the Earth’s atmosphere, radio astronomical measure-
ments with position accuracy. 1′′ at zenith angles. 75◦
are achievable. Any of the functional forms for refractive
bending and delay which assume a spherical atmosphere
are satisfactory in this simplified scenario. For measure-
ments at zenith angles & 75◦, or for more realistic atmo-
spheric conditions which violate the simple scenario de-
scribed above, or when higher positional accuracy than
∼ 1′′ is required, more care needs to be taken in the
algorithm choice for atmospheric refractive bending and
delay.
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For accurate calculation of the refractive electromag-
netic wave bending and propagation delay at an Earth-
bound observatory, we recommend the following:
1. Refractive Bending Calculation: Use the
Auer & Standish (2000) method (Equation 29)
with the procedure described in Section 3. The
refractivity (N(P, T )) is derived from an atmo-
spheric model such as Liebe (1989) or Pardo et al.
(2001).
2. Refractive Delay Calculation: Use Equation 79
with refractivity derived from an atmospheric
model. The best of the mapping function solu-
tions to Latm is the Lanyi (1984) algorithm (Equa-
tion 96), which appears to be quite accurate to
zenith angles as high as ∼ 85◦.
JGM benefited greatly from discussions regarding the
proper calculation of atmospheric path delay with Darrel
Emerson, Dick Thompson, and Ed Fomalont. The ref-
eree for this manuscript, Jim Moran, provided invaluable
advice which resulted in a greatly improved manuscript.
The National Radio Astronomy Observatory is a facil-
ity of the National Science Foundation operated under
cooperative agreement by Associated Universities, Inc.
APPENDIX
ATMOSPHERIC OPTICAL REFRACTIVITY
Refractivity in the optical is cast in a slightly different form than that in the radio due to the fact that at optical
wavelengths dispersion is important, and color must always be taken into account. Birch & Downs (1993) (see also
Livengood et al. (1999)) state that the optical refractivity is given by the following:
Nopt0 = NSTP ×NTP −NRH (A1)
where
NSTP =83.4305 +
24062.94
130− λ−2
+
159.99
38.9− λ−2
(A2)
NTP =
Pd
1.01325× 103
(273.15 + 15)
T
[
1 + (3.25602− 0.00972T )Pd × 10
−6
]
1.00047
(A3)
NRH =Pw × (37.345− 0.401λ
−2)× 10−3 (A4)
with Pd and Pw in hPa, T in K, and λ in µm. Note that we have ignored the small correction for an increase in CO2
concentration in Equation A1.
ACCELERATION DUE TO GRAVITY
The mean acceleration due to gravity (gm) at the center of mass of a vertical column of air above an observer is
given by:
gm =
∫∞
0 dxρ(x)g(x)∫∞
0 dxρ(x)
. (B1)
By expanding g(x) to first-order in x, fits to harmonic forms of gm as a function of latitude (φ) can be derived.
Geodesists use a closed form of this harmonic function fit, known as the Somigliana-Pizzetti formula (Pizzetti 1894;
Somigliana 1929; Moritz 1980):
gm=
aγe cos
2 φ+ bγp sin
2 φ√
a2 cos2 φ+ b2 sin2 φ
= γe
1 + κ sin2 φ√
1 + e2 sin2 φ
, (B2)
where a and b are the semimajor and semiminor axes of the geocentric gravitational potential ellipsoid of revolution
chosen to define the Earth’s gravitational potential, γe and γp are the theoretical gravitational acceleration at the
Earth’s equator and pole, respectively, and e, the first eccentricity of the ellipsoid, and κ are defined as follows:
e ≡
√
1−
(
b
a
)2
(B3)
κ ≡
bγp
aγe
− 1. (B4)
Two Chebyshev approximations to Equation B2 are in common usage in geophysics. The first has a relative accuracy
of 10−3 µm sec−2 (Moritz 1980) and is given by:
gm = γe
(
1 + α0 sin
2 φ+ α1 sin
4 φ+ α2 sin
6 φ+ α3 sin
8 φ
)
, (B5)
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while the second has a relative accuracy of 1µm sec−2 (Moritz 1980) and is given by:
gm = γe
(
β0 sin
2 φ+ β1 sin
2 2φ
)
. (B6)
Equation B6 is the approximation most often used to compute the latitudinal dependence of gravitational acceleration
in geophysics.
Most derivations of the mean acceleration due to gravity at a given latitude calculate this quantity with reference
to the center of mass of a vertical column of air above an observer (Hc). It is often convenient to calculate gm as a
function of the height of an observer above sea level on the surface of the Earth (h0). Saastamoinen (1972) points out
that, due to the poleward slope of the tropopause and seasonal variations of T and P , regional and seasonal variations
in Hc tend to be smoothed out. To an accuracy of ±0.4 km, Hc and h0 are related by:
Hc = 0.9 h0 + 7.3 km (B7)
In the following we list a variety of formulations for gm as functions of latitude (φ) and observer height above sea level
(h0, in km). These expressions for gm differ by the assumed gravitational potential ellipsoid and, with the exception
of Equation B8, rely on the use of the approximate form for gm given in Equation B6. For observer height above sea
level ranging from 0 to 25m all of the expressions for gm listed in this appendix differ by less than 0.015%. Any of
the gm listed below are sufficient for the refraction application. Note also that none of these expressions for gm take
account of local gravitational variations such as from nearby mountains, which can be significant.
The expression for gm that we have adopted in this work comes from the definition adopted by the World Geodetic
System 1984 (WGS84), with an additional height correction:
gWGS84m =9.7803267714
(
1 + 0.00193185138639 sin2 φ√
1− 0.00669437999013 sin2 φ
)
− 0.003086 Hc m/s
2
=9.7803267714
(
1 + 0.00193185138639 sin2 φ√
1− 0.00669437999013 sin2 φ
)
− 0.02253
−0.0027774 h0 m/s
2 (B8)
where h0 is the height of the observer and Hc is the height of the center of mass of the vertical column of air above
the observer, both in km. Figure 8 shows how gWGS84m varies as a function of latitude and observer height above sea
level.
Allen (1973) quotes the following form:
gAllenm =9.80612− 0.025865 cos(2φ) + 0.000058 cos
2(2φ)− 0.00308 Hc m/s
2
=9.780313
(
1 + 0.005289 sin2 φ− 0.0000059 sin2(2φ)− 0.000315 Hc
)
m/s2
=9.757823
(
1 + 0.005301 sin2 φ− 0.0000059 sin2(2φ)− 0.000284 h0
)
m/s2 (B9)
From Urban & Seidelmann (2013) (which is also the form used in SLALIB and by Hohenkerk & Sinclair (1985), and
where h0 is in km):
gESm = 9.784 (1.0− 0.0026 cos(2φ)− 0.00028 h0) m/s
2 (B10)
The CRC handbook gives yet another variant:
gCRCm =9.780356
(
1 + 0.0052885 sin2 φ− 0.0000059 sin2(2φ)
)
− 0.003086 Hc m/s
2
=9.757828
(
1 + 0.005301 sin2 φ− 0.0000059 sin2(2φ)− 0.000284 h0
)
m/s2 (B11)
with the reference Jursa (1985). The web site
http://geophysics.ou.edu/solid_earth/notes/potential/igf.htm
lists the following, which is based on the Geodetic Reference System 1967:
gIGF67m =9.78031846
(
1 + 0.0053024 sin2 φ− 0.0000058 sin2(2φ)
)
− 0.003086 Hc m/s
2
=9.757791
(
1 + 0.005315 sin2 φ− 0.0000058 sin2(2φ)− 0.000284 h0
)
m/s2 (B12)
where we have added the free-air and height correction term. Finally, Saastamoinen (1972) derives:
gSaastm =9.8062 (1− 0.00265 cos(2φ)− 0.00031 Hc)
=9.784 (1− 0.00266 cos(2φ)− 0.00028 h0) (B13)
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Fig. 8.— Acceleration due to gravity gWGS84m as a function of observer latitude and height above sea level.
RELATIVE HUMIDITY AND SATURATION VAPOR PRESSURE
Note that the relative humidity at the observer (RH0, in percent) is related to the saturation vapor pressure (esat,
in hPa; Buck (1981)) as follows (see Crane (1976))
esat=
(
1.0007 + 3.46× 10−6P0
)
6.1121 exp
[
17.502T0
T0 + 240.97
]
(C1)
Pw0= esatRH0
[
1− (1−RH0)
esat
P0
]−1
(C2)
This relationship between esat, Pw0, and RH0 is useful when using expressions forN0 which involve linear and quadratic
expansions in P0 and Pw0. Unfortunately, this complicated form for esat does not yield itself to closed-form integration.
By assuming that the relative humidity remains constant throughout the troposphere, and equal to its value at the
observer (RH(r) = RH0), we can write:
Pw
Pw0
=
esat(P, T )
esat(P0, T0)
(C3)
Tabulated values of esat versus T indicate that:
esat(P, T )
esat(P0, T0)
=
(
T
T0
)γ
(C4)
which yields:
Pw
Pw0
=
(
T
T0
)γ
(C5)
As noted by Sinclair (1982) and Hohenkerk & Sinclair (1985), the power index γ is derived by fitting to the tabulated
values of Psat versus T given in List (1952). This fit produces the following:
Psat =
(
T
247.1
)18.36
(C6)
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Comparing this expression with that derived by Buck (1981) (Equation C1) for P between 600hPa and 1200hPa and
T between −30C and +20C indicates agreement to within ±0.2hPa. Therefore, the approximate relation between
Psat and T (Equation C6) represents a good approximation over this relevant range of P and T .
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